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Exact black hole solutions in the Einstein-Maxwell-scalar theory are constructed. They are the
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I. INTRODUCTION
The theory containing coupling between the scalar fields and gravity was firstly considered
by Fisher who found a static and spherically symmetric solution of the Einstein massless
scalar field equations [1]. Whereafter, variety of theories emerge with the introduction
of scalar field, such as dimensional reductions, low-energy limit of string theories, various
models of supergravity, etc. The low energy limit of the string theory has the Einstein
action which is supplemented by fields, such as axion, gauge fields, and dilaton coupled in a
nontrivial way to other fields. One of the most important theories of the low-energy limit of
string theories is the Dilaton gravitation theory [2]. It is a very interesting theory because
the dilaton field can naturally couples to gauge fields, and the properties of the black hole
change drastically due to the dilaton field. The presence of the dilaton field can change the
causal structure and asymptotic behavior of the spacetime as well as the thermodynamics
and stability of the electrically charged black holes [3]. Therefore the dilaton black holes
have attracted many attentions in recent decades.
On the other hand, anti de-Sitter space and conformal field theory correspondence
(AdS/CFT) [4] is a significant method to unify quantum fields and gravitations. This
correspondence between the gravity in an AdS spacetime and conformal field theory (CFT)
leeching on to the boundary of the AdS spacetime suggests that physics of the gauge field
defined on the AdS-boundary can be derived from gravitations in the bulk space and vice
versa [5]. Stimulated by AdS/CFT, many works are devoted to find the asymptotically
(anti)-de Sitter black hole solution in dilaton gravity with various self-interacting potential
of dilaton. Exact solutions of charged dilaton black holes have been constructed by many
authors. Some black holes are asymptotically flat [6–8] where the dilaton changes the causal
structure of the black hole and leads to the curvature singularities at finite radii. Mean-
while, some solutions are asymptotically neither flat nor (anti)-de Sitter [9]. Finally, the
asymptotically (anti)-de Sitter versions are found in [10–17]. These solutions reveal that the
cosmological constant proposed in the Einstein theory is coupled to Liouville-type dilaton
scalar potential. With the building of these asymptotically (anti)-de Sitter dilaton black
holes, many interesting physical phenomena have been explored, such as the black hole
thermodynamics [13, 18, 19], holographic thermalization [20], black hole phase transition in
extend phase space [21] etc.
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The purpose of this paper is, starting from the known dilaton black holes in de Sit-
ter or anti-de Sitter universe, to construct new exact asymptotically (anti)-de Sitter black
hole solutions in the Einstein-Maxwell-scalar theory which is the generalization of Einstein-
Maxwell-dilaton theory. It is known that the Einstein-Maxwell-scalar theory can emerge
naturally in physics, for example, in the contexts of Kaluza-Klein models [22], supergrav-
ity/string theory [23] and cosmology [24]. In the last two years, a remarkable phenomenon of
spontaneous scalarisation of charged black holes is discovered by [25, 26]. It has motivated
vast studies on various Einstein-Maxwell-scalar models (see [27] and references therein).
This is another motivation for this research. Concretely, inspired by the expression of
dilaton black holes in de Sitter or anti-de Sitter universe, we find two new exact black
hole solutions in the Einstein-Maxwell-scalar theory. These solutions are the extensions of
Reissner-Nordstrom-(anti)de Sitter and dilaton-(anti)de Sitter solutions. We subsequently
investigate the thermodynamics.
The paper is organized as follows. In Sec. II, we derive the equations of motion in the
Einstein-Maxwell-scalar theory. In Sec. III, we present the first electrically charged dila-
ton black hole in (anti)-de Sitter spacetime and give the analysis on its horizons. Sec. IV
studied its thermodynamics which covers the buildings of Smarr formula and first law of
thermodynamics. Then the second electrically charged dilaton black hole in (anti)-de Sitter
spacetime with arbitrary coupling constant α is found in Sec. V and the corresponding anal-
ysis of thermodynamics are given in Sec. VI. Finally, we give the conclusion and discussion
in Sec. VII. Throughout this paper, we adopt the system of units in which G = c = ~ = 1
and the metric signature (−, +, +, +).
II. THE EQUATIONS OF MOTION
The action of Einstein-Maxwell-scalar theory is given by
S =
∫
d4x
√−g [R− 2∇µφ∇µφ−K (φ)F 2 − V (φ)] , (1)
where R is the Ricci scalar curvature, F 2 ≡ FµνF µν comes from the Maxwell field, K (φ) is
the coupling function between scalar field and Maxwell field. V (φ) is the scalar potential.
When K = 1 and V = 2λ, it is the Einstein-Maxwell theory with cosmological constant λ.
The theory gives the Reissner-Nordstrom-de Sitter solution. When K = e2φ and V = 0, it
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gives the dilaton black hole solution [6, 7]. When K = e2φ and
V =
λ
3
(
e2φ + 4 + e−2φ
)
, (2)
it gives the dilaton black hole in de Sitter universe [10]. Except for these solutions, there are
other important solutions with different K and V [11–17]. In principle, once the expressions
of K (φ) and V (φ) are given, the gravity theory and the corresponding black hole solution
are assigned. This is the usual way. But in this paper, we shall presume not K (φ) and V (φ),
but the black hole solution in advance. Then K (φ) and V (φ) are subsequently determined.
This is the solution-generating method [28]. We require that the parameters such as the
mass M and electric charge Q don’t appear in the coupling function K (φ) and the scalar
potential V (φ). In the next, we derive the equations of motion.
Varying the action with respect to the metric, Maxwell, and dilaton fields, respectively,
yields
Rµν = 2∇µφ∇νφ+ 1
2
gµνV + 2K
(
FµαF
α
ν −
1
4
gµνF
2
)
, (3)
∇µ (KF µν) = 0 , (4)
∇µ∇µφ− 1
4
(
V,φ +K,φF
2
)
= 0 , (5)
where “, φ” denotes the derivative with respect to φ. The metric for static and spherically
symmetric black hole solution can always be written as
ds2 = −U (r) dt2 + U (r)−1dr2 + f (r) (dθ2 + sin2 θdφ2) . (6)
In this spacetime, the non-vanishing components of four-vector Aµ is uniquely A0(r). So the
equations of motion turn out to be
2ff
′′
+ 4f 2φ
′2 − f ′2 = 0 , (7)
(
fKA
′
0
)′
= 0 , (8)
2f 2U
′′
+ 2fUf
′′
+ 2fU
′
f
′ − Uf ′2 + 4Uf 2φ′2 − 4f 2KA′20 + 2f 2V = 0 , (9)
fUφ
′′
+ Uf
′
φ
′
+ fU
′
φ
′
+
1
2
fK,φA
′2
0 −
1
4
fV,φ = 0 . (10)
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Here prime denotes the derivative with respect to r. Observing these equations, we find
six unknown functions. They are U, f, φ, A0, K, V . But we have only four equations of
motion. Therefore, the equations of motion are not closed. In principle, one can presume
any two of them in advance. Then the equations of motion are closed. In the next section,
we shall bring forward U and f beforehand. Afterwards, the other four functions are worked
out. By this way, we construct two black hole solutions.
III. THE FIRST SOLUTION
We recall that when K = e2φ and V = 0, the theory gives the dilaton black hole solution
with [6, 7]
U = 1− 2M
r
, f = r
(
r − Q
2
M
)
,
φ = −1
2
ln
(
1− Q
2
Mr
)
. (11)
Here M and Q have the physical meaning of ADM mass and electric charge of the black
hole, respectively. This spacetime is asymptotically flat. On the other hand, when K = e2φ
and V of Eq. (2), the theory gives the dilaton black hole in de Sitter universe with [10]
U = 1− 2M
r
− 1
3
λf , f = r
(
r − Q
2
M
)
,
φ = −1
2
ln
(
1− Q
2
Mr
)
. (12)
Here λ is a constant. When Q = 0, it goes back to the Schwarzschild-de Sitter solution. In
order to construct a new solution, we observe the expression of U and find that the λ term
is proportional to not r2, but f . Inspired by this fact, we presume the new solution
U = 1− 2M
r
+
βQ2
f
− 1
3
λf , (13)
f = r
(
r +
γQ2
M
)
. (14)
Here β and γ are dimensionless constants. The β term is a new term and it is similar to the
Q2/r2 term in Reissner-Nordstrom-de Sitter solution. Then substituting the equations (13)
and (14) into the equations of motion (7,8,9,10), we obtain
φ = −1
2
ln
(
1 +
γQ2
Mr
)
, (15)
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A0 =
γQ
r
− βQ
2r
− βMQ
2 (Mr + γQ2)
, (16)
K =
2e2φ
−2γ + β + βe4φ , (17)
V =
λ
3
(
e2φ + 4 + e−2φ
)
. (18)
We notice that the scalar potential, Eq. (18) is exactly that in Eq. (2). Two dimensionless
constants γ and β appear in the coupling function K. Up to this point, equations from
Eq. (13) to Eq. (18) constitute the first black hole solution in this paper. When γ =
−1, β = 0, the solution returns to Eq. (12). When γ = 0 and β = 1, the Reissner-
Nordstrom-de Sitter solution is produced. We point out that in dilaton gravity, we have
K = e2φ which is a positive function. Therefore, we require γ < 0 and β > 0 in order that
K is always positive.
In the following, we shall compute the dilaton charge D, the electric charge Q and the
ADM mass M of the black hole. The scalar charge D can be computed by
D =
1
4pi
∮
∇µφ dSµ = γQ
2
2M
. (19)
Here the integration is taken over a spacelike surface enclosing the origin. The scalar charge
is a conserved value and thus it does not depend on the choice of the surface. It is clear
that the scalar charge is determined by the mass M , electric charge Q and the dimensionless
constant γ.
The electric charge of the black hole is shown to be
Q =
1
4pi
∮
K (φ)∇µA0 dSµ . (20)
The electric charge is also a conserved value and it does not depend on the choice of the
surface.
The ADM mass [29–31] satisfies
M =
1
16pi
lim
Sµ→i0
∮
gαβ (gαµ,β − gαβ,µ) dSµ , (21)
where i0 is the spacetlike infinity. Now we conclude that the scalar charge D, the electric
charge Q and the ADM mass M do satisfy the corresponding definitions.
There is a curvature singularity at r = −2D for this spacetime. As for the black hole
horizons, we find that, under the condition that M > 0, γ < 0, β > 0, there are at most
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three horizons for positive λ. They are cosmic horizon, black hole event horizon and black
hole inner horizon, respectively, as shown in Fig. 1. For negative λ, there are at most two
horizons. They are black hole event horizon and black hole inner horizon. In the next
section, we shall study the thermodynamics of this spacetime.
FIG. 1: There are four cases for the scenario of horizons. The curves correspond to 1-horizon,
2-horizon, 3-horizon and 2-horizon from down to up, respectively. We fix M = 1, Q = 1, γ = −1
and choose β = 0.1, λ = 0.5; β = 0.1, λ = 0.184; β = 0.2, λ = 0.14 and β = 0.277, λ = 0.12,
respectively.
IV. BLACK HOLE THERMODYNAMICS
In order to explore the black holes thermodynamics, we start from the calculation of its
temperature. The black hole temperature is well defined in quite general setting due to its
strict geometrical basis [32]. One can employ the so-called surface gravity which is defined
as follows:
κ2 = −1
2
∇µχν∇µχν , (22)
where χµ is a Killing vector field and it is null on the horizon. We can chose χ
ν = ∂/∂t
because spacetime is the static. As a result, the black hole temperature takes the form
T =
κ
2pi
=
1
4pi
U
′
(r+)
7
=
M
2pir2+
− βQ
2
4pir2+ (r+ + 2D)
− βQ
2
4pir+ (r+ + 2D)
2
−λr+
6pi
− γλQ
2
12piM
, (23)
where r+ represents the black hole event horizon which is determined by U (r+) = 0. In
Fig. 2(a) and Fig. 2(b) we plot the black hole temperature T as the function of black
hole event horizon r+ with running β and Q, respectively. Fig. 2(a) shows there are two
phases of black holes with the same temperature, the so-called small and large black holes,
respectively. When β = 0.335, there is uniquely one phase and its temperature is zero.
With the increasing of β, the black holes make phases transition from 2-phase to 1-phase.
Fig. 2(b) shows that there are three phases of black holes with the same temperature. They
are large, middle and small black holes, respectively. With the decreasing of Q, the black
holes make phases transition from 1-phase to 3-phase.
?
(a)
?
(b)
FIG. 2: Black hole temperature T as the function of black hole event horizon r+. (a) The curves
correspond to β = 0.2, 0.24, 0.28, 0.32, 0.335, from up to down, respectively. We putM = 1, Q =
1, γ = −1. There are two phases of black holes with the same temperature, the so-called small (solid
lines) and large black holes (dotted lines), respectively. When β = 0.335, there is uniquely one phase
and its temperature is zero. (b) The curves correspond to Q = 0.24, 0.22, 0.20, 0.18, 0.16, 0.14,
from down to up, respectively. We put λ = −1.5, β = 1.4, γ = −0.1. With the decreasing of Q,
the black holes make phases transition from 1-phase to 3-phase which consists of small (solid line),
middle (dash-dot line) and large (dotted line) black holes.
The entropy of black holes generally satisfies the area law which states that the entropy
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is a quarter of the area of black hole event horizon [33]. The law applies to almost all kinds
of black holes including Einstein-Maxwell-scalar black holes [34]. Therefore we have the
entropy of the black hole
S =
A
4
= pir+ (r+ + 2D) , (24)
According to definition of [35], the electric potential measured by the distant observer is
Φ =
∫
+∞
r+
A
′
0dr = −A0 (r+) . (25)
The study on the thermodynamic phase structure of AdS black holes [36] tells us the
cosmological constant acts as a thermodynamic pressure
P = − λ
8pi
. (26)
The variation of thermal pressure requires the presence of a conjugate thermal volume
in the first law of thermodynamics, which can lead to a variety of novel thermodynamic
behaviour, for example, triple points [37], reentrant phase transitions [38], the emergence of
polymer-like phase structure [39], the superfluid-like phase structure [40] and the Van der
Waals transition [41].
We find the conjugate thermodynamic volume is
V ≡
(
∂M
∂P
)
S,Q
=
4pi
3
r (r + 2D) (r +D) . (27)
Then the Smarr formula
M = 2TS − 2VP +QΦ , (28)
is satisfied.
In the next, we shall make an examination whether the thermal quantities fulfill the
requirement of the first law of thermodynamics. From the equation of horizon, we obtain
λ =
3
f+
(
1− 2M
r+
+
βQ2
f+
)
, (29)
where f+ = f (r = r+). So in view of Eq. (26), the pressure P can be written as
P = − 3
8pif+
(
1− 2M
r+
+
βQ2
f+
)
. (30)
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We treat the pressure P , the entropy S as the function of r+, M, Q. Then we have
dP = P,MdM + P,QdQ+ P,r+dr+ , (31)
dS = S,MdM + S,QdQ+ S,r+dr+ . (32)
By using the equations Eq. (23), Eq. (25) and Eq. (27), we find the first law of thermody-
namics
dM = TdS + ΦdQ +VdP , (33)
is indeed satisfied.
It is pointed [36, 42] that once the thermodynamic pressure P and thermal volume V are
introduced, the ADM mass M should be understood as enthalpy. Then the more convenient
function to analyze thermodynamic behaviour of a system, especially in the case that there
is some critical behaviour, is the Gibbs free energy which is defined in the following way
G = M − TS . (34)
the Gibbs free energy G is understood to depend on M, Q, γ, β, r+.
In Fig. 3(a) and Fig. 3(b), we plot the G(T ) relations with running β and Q, respectively.
With the increasing of β, the black holes make phases transition from 2-phase to 1-phase.
It also tells us the Gibbs free energy of large black hole is decreasing with the increasing of
Hawking temperature. On the other hand, the Gibbs free energy of small black hole first
decreases and then increases with the increasing of Hawking temperature. As is known to
us, the specific heat is CQ,P = −∂2G/∂T 2. Therefore, the thermodynamically stable and
unstable phases have the concave downward and upward G(T ) curves, respectively. Then
we conclude that the large black holes are thermodynamically unstable while the small black
holes are stable. Fig. 3(b) shows that with the decreasing of Q, the black holes make phases
transition from 1-phase to 3-phase. In this case, we let Q be running. Then the Gibbs free
energy of large, middle and small black holes all decreases with the increasing of Hawking
temperature. But only large and small black holes are thermodynamically stable while the
middle black holes are unstable.
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(a)
small
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FIG. 3: Black hole Gibbs free energy G as the function of temperature T . (a) The curves correspond
to β = 0.2, 0.24, 0.28, 0.32, 0.335, from outer to inner, respectively. We put M = 1, Q = 1, γ =
−1. There are two phases of black holes (dotted lines for small black hole and solid lines for large
black holes) with the same temperature. When β = 0.335, the Gibbs free energy is G = M = 1.
(b) The curves correspond to Q = 0.22, 0.20, 0.18, 0.16, 0.14, from up to down, respectively.
We put λ = −1.5, β = 1.4, γ = −0.1. With the decreasing of Q, the black holes make phases
transition from 1-phase to 3-phase.
V. SECOND SOLUTION
In this section, we construct the second solution in Einstein-Maxwell-scalar theory. We
remember that the dilaton black hole in de Sitter universe for arbitrary coupling constant
α is [10]
U =
(
1− 2m
r
)(
1− Q
2
mr
) 1−α2
1+α2
− 1
3
λf , (35)
with
f = r2
(
1− Q
2
mr
) 2α2
1+α2
. (36)
The corresponding coupling function K and scalar potential V in the action are
K = e2αφ , (37)
and
V =
2λ
3 (1 + α2)2
[
α2
(
3α2 − 1) e2φ/α + (3− α2) e−2αφ + 8α2e−φα+φ/α] . (38)
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Observing the λ term in Eq. (35), we find it is proportional to f . So one presume
U =
(
1− 2m
r
)(
1 +
γQ2
mr
) 1−α2
1+α2
+
βQ2
f
− 1
3
λf , (39)
f = r2
(
1 +
γQ2
mr
) 2α2
1+α2
. (40)
We notice that when the coupling constant α = 1, the solution restores to the first solution
in section III. Substituting Eqs. (39), (40) into the equations of motion (7,8,9,10), we obtain
φ = − α
1 + α2
ln
(
1 +
γQ2
mr
)
, (41)
A0 =
2
1 + α2
[
γQ
r
− βQ
2r
− βmQα
2
2 (mr + γQ2)
]
, (42)
K =
(α2 + 1) e2αφ
−2γ + β + βα2e2αφ+2φ/α , (43)
with the scalar potential V of the same expression in Eq. (38). When α = 1, they reduce
to the counterparts in the first solution of section III. So equations from (38) to Eq. (43)
constitute the second black hole solution in this study. We have replaced largeM with small
m in the expressions because it is M that represents the ADM mass. We shall show this
point later.
The scalar charge D can be computed by
D =
1
4pi
lim
Sµ→i0
∮
∇µφ dSµ = αγQ
2
m (1 + α2)
. (44)
Here the integration is taken over the surface of spacetlike infinity, i0. It tells us the scalar
charge is determined by m, electric charge Q, the coupling constant α and the dimensionless
constant γ.
The electric charge of the black hole is shown to be
Q =
1
4pi
∮
K (φ)∇µA0 dSµ . (45)
Here the integration is taken over a spacelike surface enclosing the origin. The electric charge
is a conserved value and it does not depend on the choice of the surface.
We find the ADM mass M of the spacetime is
M =
1
16pi
lim
Sµ→i0
∮
gαβ (gαµ,β − gαβ,µ) dSµ = m+ D
2
(
α− 1
α
)
. (46)
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where i0 is the spacetlike infinity. We see the ADM mass M is not equals to m provided
that α 6= 1.
The curvature singularity of this spacetime is at r = −γQ2/m. The situations of horizons
is similar to the first solution. So we shall not present a detailed discussion. In the next
section, we study the black hole thermodynamics.
VI. THERMODYNAMICS
Following the procedure in section IV, we figure out the thermodynamic quantities for
the second solution, namely, the black hole temperature
T =
κ
2pi
=
1
4pi
U
′
(r+) , (47)
the entropy
S =
A
4
= pir2+
(
1 +
γQ2
mr+
) 2α2
1+α2
, (48)
the electric potential
Φ =
∫
+∞
r+
A
′
0dr = −A0 (r+) , (49)
the thermal pressure
P = − λ
8pi
, (50)
and the thermal volume
V =
4pi
3
· (1 + α
2) r + 2D
r (1 + α2) (r + 2D)
f 2 . (51)
With these expressions, the Smarr formula
M = 2TS − 2VP +QΦ , (52)
is achieved. In the next, we check whether these thermodynamic quantities satisfy the first
law of thermodynamics.
From the equation of horizon, we obtain
λ =
3
f+

(1− 2m
r+
)(
1 +
γQ2
mr+
) 1−α2
1+α2
+
βQ2
f+

 , (53)
where f+ = f (r = r+). So the pressure P can be written as
P = − 3
8pif+


(
1− 2m
r+
)(
1 +
γQ2
mr+
) 1−α2
1+α2
+
βQ2
f+

 . (54)
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We take the pressure P , the entropy S as the function of r+, m and Q. Then we have
dP = P,mdm+ P,QdQ+ P,r+dr+ , (55)
dS = S,mdm+ S,QdQ+ S,r+dr+ , (56)
dM = M,mdm+M,QdQ , (57)
By using the equations Eq. (47), Eq. (49) and Eq. (51), we arrive at the first law of thermo-
dynamics
dM = TdS + ΦdQ +VdP . (58)
In Fig. 4(a) and Fig. 5(a), we plot the T − r+ relation and G− T relation with M = 1,
Q = 1, and γ = −1, β = 0.1. They show that with the increasing of α, the black holes make
phase transition from 1-phase to 2-phase. In Fig. 4(b) and Fig. 5(b), we plot the T − r+
relation and G− T relation with M = 1, α = 5, λ = −1.5, β = 1.4, γ = −0.1. They show
that with the decreasing of Q, the black holes make phase transition from 1-phase to 3-phase.
Same as the scenario of first black hole solution, the large black holes are thermodynamically
unstable while the small black holes are stable in the case of two phases. For the structure
of three phases, both the small and large black holes are all thermodynamically stable while
middle black holes are unstable.
VII. CONCLUSION AND DISCUSSION
In conclusion, we construct two exact and electrically charged black holes in the Einstein-
Maxwell-scalar theory. The two solutions are all asymptotically de Sitter or anti-de Sitter.
They are the extensions of dilaton black holes in de Sitter or anti-de Sitter universe. The
first solution is for the case of α = 1 and the second solution is for arbitrary α. In this
sense, the second solution is the extension of the first solution. An interesting fact is that
the corresponding scalar potential V (φ) is the same as the dilaton ones. The only difference
from the Einstein-Maxwell-dilaton theory is the presence of coupling function K(φ) in front
of the Maxwell invariant. With the presence of K(φ), the well-known Reissner-Nordstrom-
(anti) de Sitter solution is included in these solutions.
We calculate the ADM mass M , the electric charge Q and the scalar charge D of the
black holes. The scalar charge D is not independent, but dependent onM and Q. This is the
14
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FIG. 4: Black hole temperature T as the function of black hole event horizon r+. (a) The curves
correspond to α = 0.74, 0.78, 0.84, 0.92, 1.0, from down to up, respectively. We put M = 1, Q =
1, γ = −1, β = 0.1. With the increasing of α, the black holes make phase transition from 1-phase
to 2-phase, the so-called small (solid lines) and large (dotted lines) black holes. (b) The curves
correspond to Q = 0.24, 0.22, 0.20, 0.18, 0.16, 0.14, from down to up, respectively. We put
α = 5, λ = −1.5, β = 1.4, γ = −0.1. With the decreasing of Q, the black holes make phases
transition from 1-phase to 3-phase (small, middle and large black holes).
same as the dilaton black holes. Then we compute the Hawking temperature, the entropy,
the electric potential and the thermal volume. Afterwards, both the Smarr formula and the
first law of thermodynamics are constructed. The evolution of Hawking temperature and
Gibbs free energy shows that these black holes have two situations of phase structure, the
scenario of two phases and three phases. In the scenario of two phases, we let the coupling
constants β and α be running. In this case, the Gibbs free energy of large black hole is
decreasing with the increasing of Hawking temperature. On the other hand, the Gibbs free
energy of small black holes first decreases and then increases with the increasing of Hawking
temperature. This shows the large black hole is thermodynamically unstable and the small
black hole is stable. In the scenario of three phases, we let Q be running. In this case, the
Gibbs free energy of large, middle and small black holes all decreases with the increasing
of Hawking temperature. But only the large and small black holes are thermodynamically
stable while the middle black holes are unstable.
Finally, since these black hole solutions are asymptotically anti-de Sitter, it is worth
studying the corresponding ADS/CFT correspondence. On the other hand, the extension
15
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(b)
FIG. 5: Black hole Gibbs free energy G as the function of temperature T . (a) The curves correspond
to α = 0.74, 0.78, 0.84, 0.92, 1.0, from inner to outer, respectively. We put M = 1, Q =
1, γ = −1, β = 0.1. There are two phases of black holes with the same temperature. (b) The
curves correspond to Q = 0.22, 0.20, 0.18, 0.16, 0.14, from down to up, respectively. We put
λ = −1.5, β = 1.4, γ = −0.1, α = 5. With the increasing of Q, the black holes make phases
transition from 1-phase to 3-phase.
of these static black holes to the rotating and higher dimensional cases are also worthy of
study.
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